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Abstract. 

In this paper, we study n~ composition series of affine manifolds these are 
sequences (M„,Vm„) — » (M n _i, Vm„_J — > • ••(Mi,Vm 1 ) } where each affine 
map fi : (Mj+i, Vm ;+1 ) — * (Mt,VM 4 ) * s surjective. One composition series are 
classified by gerbe theory. It is natural to think that n— composition series must 
be classified by n— gerbe theory. In the last section of this paper we propose a 
notion of abelian n— gerbe theory. 

Introduction. 

An affine bundle is a surjective affine map between affine manifolds. A com- 
position serie of affine manifolds is a sequence (M n ,V n ) — > (M n -i, Vm„_i ) — > 
... -» (M 2 ,Vm 2 ) -> (Mi, V Ml ), where each map /; : (Mj+i, V M(+1 ) -► (M^VmJ 
is an affine bundle. 

When the source space M, of an affine bundle is compact, it becomes a 
locally trivial differentiable bundle by a well-known Ehresmann theorem ( see 
[God] theorem 2.11 p. 16). Let B and F be respectively the base and the fiber 
spaces of an affine bundle with compact total space. If moreover the second 
homotopy group of B is trivial, then by the Serre bundle theorem, one deduces 
that the first homotopy group m(M) of M is an extension of it\{B) by m(F). 
In particular this happens when (B, V_b) is geodesically complete. 

Auslander has conjectured that the fundamental group of a compact geodesi- 
cally complete affine manifold is polycyclic. The existence of a non trivial affine 
map, on a finite cyclic galoisian cover of a n— compact and complete affine man- 
ifold (n > 2) endowed with a complete structure eventually different from the 
pull-back, implies the Auslander conjecture [T4]. The classification of affine 
bundles whose total spaces are compact and complete and more generally of 
composition series of affine manifolds will conjecturally allow us to know all 
compact and complete affine manifolds, up to a finite cover, as we know the 
2— closed and complete affine manifolds. 

The main goal of this paper is to study composition series of affine manifolds. 
First we study affine bundles. 

Let m(F) and m(B) be two groups. Write M m+l = M m ®R l . We denote 
by Aff(R m , M l ) the group of affine maps of R m+l which preserve R l , and by 



Affi(m m ,M l ) the subgroup of Aff(R m ,M l ) whose restriction on M m is the 
identity. 

An algebra problem related to this classification problem of affine bundles is 
the following: 

Given two representations m(F) -> Aff(M l ), and of m(B) -> Aff(M m ), 
classify all commutative diagrams: 

l-> 7Tl(F) -> 7Tl(M)-> 7Tl(B) ->1 

1- Affi(M n \lR l ) - Aff(M m ,lR l ) -^Aff{R m ) -l' 

where the first line is an exact sequence. 

There are many ways to solve the classification problem of affine bundles. 
First, we give a classification, of affincly locally trivial affine bundles, (see defi- 
nition 2.2) after we solve the general case. 

Let's present the classification of affinely locally trivial affine bundles. Let 
us consider an affinely locally trivial affine bundle with base (B, Vs) and typ- 
ical fiber (F, Vj?). We denote by Tp the group of translations of (F, Vp) (see 
section 3). The affine bundle / gives rise to representations 717 : tti(B) — > 
Aff(F,V F )/T F , Tr' f : m(B) -> Gl(T F ), and to a flat bundle Tp, with typical 
fiber Tp over _B associated to 71^. We denote by Tp the sheaf of affine sections 

of fp. 

In [T5] , we gave a classification of affincly locally trivial affine bundles using 
Hochschild cohomology classes for a representation of n-i(B), 

In this paper, we will give another using Cech cohomological classes via gerbe 
theory. 

In fact it seems to us that the second classification fits best to our prob- 
lem. Inspired by the philosophy of groupoid sheaves, we canonically associate 
to any representation 7r : wi(B) — ► A f f(F, Vp)/Tf, a gerbe with lien T' F which 
describes the gluing problem related to the existence of affinely locally trivial 
affine bundles associated to n. The 2— cocycle described in Giraud's classifica- 
tion theorem of the associated gerbe, is given by an element of H 2 (B, T' F ). This 
class is the obstruction to the existence of affinely locally trivial affine bundles 
associated to n. When it vanishes, each element of H 1 (B,T' F ) defines an affinely 
locally trivial affine bundle. In this case the classification of the affinely locally 
trivial affine bundles is given by the orbits of elements of H 1 (B,T' F ) under a 
gauge group. 

After the classification of affine bundles, we classify composition series of 
affine manifolds in which each map : (Mj+i , Vm 4+ i ) —* (Mj,VM 4 ) is an 
affinely locally trivial affine bundle. Since the classification of affincly locally 
trivial affine bundle has been done using gerbe theory, it is natural to think that 
the theory involved in the classification of composition series of affine manifolds 
is n— gerbe theory. In the last section of our work, we build a commutative 
n— gerbe theory. 

This is the plan of our paper: 
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0. Introduction. 

1. AFFINE BUNDLES. 

1. Background. 

2. Generality. 

3. The classification of affincly locally trivial affine bundles. 

4. The general case. 

II. COMPOSITION SERIES OF AFFINE MANIFOLDS. 

1. 3 composition series. 

2. The general case (n— composition series of affinc manifolds). 

3. The conceptualization (commutative n— gerbe theory). 

I. AFFINE BUNDLES. 
1. Background. 

An n— connected affinc manifold (M, Vm), is an n— connected differentiable 
manifold endowed with a connection Vm, whose curvature and torsion forms 
vanish identically. The connection Vm defines on M an atlas (affine) whose 
transition functions are locally affine transformations of JR n . 

Let (M,Vm) and (N,\7n) be two affine manifolds respectively associated 
to the affine atlas, (U i7 <f)i) and {U'-,(j)'-). An affine map between (M,V M ) and 
(N, Vat) is a differentiable map / : M — > N such that <f>' o fi Uf o ^r 1 is an affinc 
map. We denote by App((M, Vm), (N, Vat)) the set of affine maps between 
(M, Vm) and (N, Vjv), and by Aff(M, Vm) the space of affine automorphisms 
of (M,V M ). 

The affine structure of M pulls back to its universal cover M, and defines on 
it an affinc structure (M, V M ), for which the universal cover map pm '■ M — * 
M is an affine map. The affine structure of (M, V M ) is defined by a local 
diffcomorphism Dm '■ M —> M n called the developing map. 

The developing map gives rise to a representation Am ■ Aff(M, V M ) — ► 
Aff(lR n ) which makes the following diagram commute 

(M,V M ) (M,V M ) 

FT A ^M ] FT 

where g is an element of Aff(M, V M ). The restriction of Am to the funda- 
mental group 7Ti(M) of M, is the holonomy representation Km- The linear part 
L(\im) of \iMi is the linear holonomy of (M, Vm)- It is in fact the holonomy of 
the connection Vm in the classical sense. 

Definitions 1.1. 

- The affine manifold (M, Vm) is complete, if and only if the developing 

map is a diffcomorphism. This is equivalent to saying that the connection Vm 
is geodesically complete. 
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- The afhne manifold (M, Vm) is unimodular, if its linear holonomy lies in 
Sl(n,M). Markus has conjectured that a compact afhne manifold is complete 
if and only if it is unimodular. 

- Let / and g be two afhne bundles with the same base space (_B,Vb), 
and respectively total spaces (M,Vm), and (N, Vjv)- An affine isomorphism 
between / and g, is an afhne isomorphism between (M, Vm) and (N, Vat) which 
sends a fiber of / onto a hber of g, and gives rise to an automorphism of (B, Vb)- 

2. Generalities. 

This paragraph is devoted to some basic properties of afhne bundles. In the 
sequel, we will suppose that all the fibers of a given afhne bundle are diffeomor- 
phic to each other. 

Let / : (M, Vm) — * {M' , Vm') be an afhne map, the map / pulls back to a 
map / : (M, V M ) — > (M', V M ,) which makes the following diagram commute: 

(M,V M ) (M',V M ,) 

I Vm I Pm' 

(M,V M ) (M',V M <) 

Proposition 2.1. [T4]. Let (M, Vm) &e i/ie domain of an affine map. 
Suppose that M is compact. We denote by df x , the differential df of f , at x. 
Then the distribution Df of M defined by 

Df x = {ve T x M/df x (v) = 0} 

defines on M an affine bundle whose fibers are the leaves of the foliation defined 

by Df. 

Sketch of proof. 

As M is compact, the space of fibers is a differentiable manifold, say B. The 
transverse afhne structure of the foliation Df, pushes forward to B and defines 
on it an afhne connection Vb, which makes the projection (M, Vm) — > {B, Vb) 
an afhne map. 

This proposition implies that an afhne bundle with compact total space gives 
rise to a locally trivial differentiable bundle by a well-known Ehrcsmann result 
[God]. Denote by F the typical hber. Applying the Serre bundle sequence to 
this bundle, we obtain the following short exact sequence: 

TT 2 (B) -» 7Tl(F) -» 7Tl(M) -» Tll{B) -» I. 

If we suppose that 7r 2 (-B) = 1, then we obtain that tti(M) is an extension of 
ni(B) by tti(F). In particular this happens when (M,Vm) is complete. Remark 
that if (M, Vm) is complete, then the hbers and the base of the induced bundle 
are also complete. 

Auslander has conjectured that the fundamental group of a compact and 
complete afhne manifold is polycyclic. In [T4], we have conjectured that we 
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can change the complete affine structure of a galoisian cyclic finite cover of a 
n— compact, (n > 2) and complete affine manifold to another complete one, 
so that it becomes the domain of a non trivial affine map. Non trivial means 
that the distribution Df is neither 0, nor the whole space. This conjecture 
implies the Auslander conjecture (see [T4]). As mentioned in the introduction, 
the classification of affine compact bundles will conjecturally allow us to know 
all compact and complete affine manifolds up to a finite cover. 

In fact, there are examples of affine manifolds, which are total spaces of 
more than one non isomorphic affine bundle. The following is an example of 
this situation in dimension 3. 

Let C — (ei, e 2 , 63) be a basis of M 3 . Consider the subgroup T of Aff(M 3 ), 
generated by /i, fa and fs, whose expressions in C are: 

h{x,y,z) = (x + l,y,z) 

f 2 (x,y,z) = (x,y+l,z) 

h{x,y,z) = (x + y,y,z + l). 

The quotient of M 3 by T is a compact affine manifold, M 3 . The projections 
P2(x 1 y,z) — y, and ps(x,y,z) — z, define projections of M 3 over the circle 
endowed with its canonical complete structure. The bundles defined by those 
projections are not isomorphic. If they were isomorphic, there would exist an 
element of Af f{lR 3 ) of the form (x, y, z) — > (ax + b, f(y, z)+d(x)) where / is an 
element of Aff(lR 2 ), and d a linear map 1R — > H 2 which conjugates the map 
(x, y, z) — > (x + 1, y, z) to the map (x, y, z) — > (x + 1, y + z, z). This is evidently 
impossible. (For each bundle, we have adapted the expression of T in a basis 
(e[, e' 2 , eg) such that the vector subspace WLe\ pulls forward on the base of each 
fibration). 

Definition 2.2. 

Let / : (M,Vm) —* {B,Vb) be an affine bundle, We will say that the bundle 
/ is an affincly locally trivial affine bundle, if and only if there exists an affine 
manifold (F, Vj?) such that each element x of B, is contained in an open set U x , 
such that there exists an affine isomorphism 

f-\U x )^U x x(F,V F ) 

and the restriction of the projection on f~ 1 (U x ) is the first projection U x x 
(F, Vf) —* U x via this isomorphism. 

4 

When the total space is compact, the last definition is equivalent to saying 
that one can build the Cech cocycle which defines the locally trivial diffcrcntiable 
structure of the affine bundle by affine maps. 

In the previous examples the bundle defined by P3 is affinely locally trivial, 
but not the one defined by 

Let / : (M,Vm) — > (M',Vm') be an affine map, where M and M' are 
respectively an n and an n'— manifold. The map / pulls back to a map / : 
(M,Vfy) -> (M',V^,). There exists an affine map /' : R n -> M n ' which 
makes the following diagram commute: 
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(M.Vtf) (M',V A ,) 

1?" -A M n ' 

Let (M, Vm) be the total space of an affinc bundle /. The foliation Tf 
defined by the leaves of /, pulls back to a foliation JFf on M, which is the pull- 
back of a foliation Dm{F}) of M n , by parallel /— affine subspaces, here n and I 
are the dimensions of M and of the fibers of the bundle. 

Write lR n — M m © JR 1 , where m is the dimension of the base of the bundle. 

For every element 7 of tti(M), we have: 

h M (j)(x,y) = {A 1 {x) + a 7 ,B 7 (y) + C 7 (x) + d 7 ) 

as Djiff/) is stable under the holonomy. 

An element 7 of tt\(M) which preserves a fiber of /, preserves all the other 
fibers as the foliation Tf does not have holonomy. We obtain that 

h M {l){x,y) = (x,B 1 (y) + C 1 (x) +d 7 ). 

In fact we obtain a representation tti(F) — ► Aff(M l ) for each x G R m . 

We deduce that, as they have been supposed to be diffeomorphic, all the 
fibers have the same linear holonomy. 

The map 

7Tl(F) — >R l 

7 — ► C 7 (x) + d-y 

is a 1— cocycle with respect to the linear holonomy. It defines the map 

r :IR m ^H 1 (Tr 1 {F),lR l ) 
x — > [Cj(x) + d y ] 

where H*(tti(F), 1R 1 ) is the * cohomology group, with respect to the linear 
holonomy of the fibers. The cohomology class r(x) is often called the radiance 
obstruction of the affine holonomy of the fiber over pb{x). 

If the fibers are compact and complete, the image of r is contained in the 
algebraic subvariety L, of H 1 (tti(F), M ) defined by 

L = {ce H 1 (tt 1 (F),M 1 )/A 1 c ^ 0}. 

See [F-G-H] theorem 2.2. 

The fact that / is an affinely locally trivial affine bundle, is equivalent to 
the fact that the map r is a constant map when the total space is complete. 

Question. Are the fibers of an affine bundle isomorphic if its total space is 
compact ? 

The following theorem was inspired by the last question: 
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Theorem 2.3. [T5]. Suppose that the total space of an affine bundle is an 
n— compact and complete affine manifold, and moreover the fundamental group 
of the fibers are nilpotent. Then all the fibers are isomorphic to each other. 

Given an element 7 of wi(B), and an element x <E 2R m , the restriction of 
the affine holonomy representation of iti(F) to x x Ft 1 and (hs (7)) (x)) x 1R 1 
are conjugated by an element of Aff(lR l ), since they define the same affine 
structure (we choose x <G Db{B)). This leads to define a gauge group for the 
linear representation L(Hf)- 

Consider the subgroup G of automorphisms of tti(F) such that for every 
element g of G, there is a linear map B g such that 

L(h F ){g( ri )) = B g oL{h F ){ 1 )oB-\ 

The group which elements are B g will be called the gauge group of L(/jf). 

We associate to every B g 6 G the following linear map of H p (tti(F), M l ): 
for each c G HP(m(F), M l ) we define B*c by 

B* g c{ ll ,..., lp ) = B g {c{g-\ ll ),...,g- 1 { lp ))). 

Two complete affine structures Vi and V 2 on F, with same linear holonomy 
L(hp), and holonomy h\ and h 2 , are isomorphic if and only if there is an element 
B g of the gauge group such that B*c\ = C2, where c\ and c 2 are respectively 
the radiance obstruction of hi and h 2 . 

3. Affinely locally trivial affine bundles. 

Recall that, an affine bundle with complete total space is said to be an 
affinely locally trivial affine bundle, if and only if its pull-back of the bundle to 
the universal cover of the base is a trivial affine bundle. 

In the sequel, (M,Vm) will be the compact total space of an affinely locally 
trivial affine bundle, with base space (B, Vs) and typical fiber (F, Vj?). 

The following proposition emphasizes the importance of the category of 
affinely locally trivial affine bundles. 

Proposition 3.1. [T5] Let f be an affine bundle whose total space is a 
complete affine n— manifold (not necessarily compact). If we suppose that the 
fibers are 2— tori and moreover their linear holonomy is the linear holonomy of 
a complete structure of the 2— torus distinct from the flat Riemmannian one, 
then f is an affinely locally trivial affine bundle. 

Let's go back to the classification problem. 

Recall that tti(F) is a normal subgroup of n\(M). Let 7 and 71 be respec- 
tively two elements of tt\(F) and m(M). We can write 

h M {l) = (x,B 1 (y) +d 7 ) 

and 

h M (71) (x, y) = {A J1 (x)+a 7l ,B J1 (y) + C J1 (x)+d 7l ), 
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where A 7l is an automorphism of M m , B 7 and B 7l are automorphisms of M , 
C 7l : M rn — > 1?' is a linear map, a 7l is an element of lR m and rf 7 , d 7l are 
elements of 5?'. 
One has 

/i M (71 ) " 1 (x, y ) = (A" 1 (a:) - A" 1 (a 7l ) , B" 1 (y) -B" 1 (rf 7l ) -B" 1 C 7l (A" 1 (z) - A" 1 (a 7l ))) . 

Using the fact that hM(^i{F)) is a normal subgroup of tiM^iiM)), one 
obtains 

hnili 1 ) o h M {l) o h M {l\) = 
(x, B- 1 B 7 B 71 (y) + B- 1 B 7 C 71 (z) + B" 1 B 7 (rf 7l ) + B" 1 (d 7 ) - B~*C 7l (x) - B" 1 (d 7l )) ' 

This implies that 

B- 1 B 7 C 7l ( a; )-B- 1 C 7l (x) =0; 

we deduce that C 7l (or) G H (m(F), M l ). The linear space Applin{R m , H°(m(F), JR')) 
of linear maps -R™ — > B° (711(F), 1R 1 ) has a left 7Ti(B)— module structure defined 
by 

7l (B) =B 71 oD 
and a right 7Ti(B)— module structure defined by 

y i (D) = DoA yi) 

where 71 is an element of 7Ti(M) over an element j[ of 7Ti(B). 

We denote by Tp the connected component of the group of affine maps of 
(F, Vf ) , which pull-back on translations of Ft 1 . The linear map of H° (m(F),]R) 
defined by 

t — ► B 7l i 

induces a linear map oiTp. This induces a 7Ti(B) left structure on Applin(lR rn , Tp). 
The right structure of 7Ti(B) on Applin(M m , H (m(F), M 1 )) also induces a right 
7Ti(B) structure on Applin(M m ,Tp). Let Etti(B) be the group algebra of the 
group 7Ti(B). The vector space Applin(M m ,Tp) is endowed with a Eiri(B) 
Hochschild module structure. 

The bundle is supposed to be affinely locally trivial; this implies that his 
lifts on B, is B x (F, Vf)- The action of 7Ti(B) on B x (F, Vf) is made by 
affine maps. Wc deduce that iti(F) is normal in tt\(M), and a representation 
vr/ : 7ri(B) -> Aff(F,V F )/T F induced by its action on B x (F, Vf)- 

Recall the following problem stated in [Bry] . Let 

l^A^G^H^l 

be an exact sequence of groups, where A is commutative. Given an H— bundle 
over the manifold X, we want to classify all the bundles over X, with structural 
group G, which are lifts of the previous bundle. 
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Our problem is quite similar: We have seen that an affincly locally trivial 
affinc bundle / gives rise to a representation 717 : ni(B) — * Aff(F, V F )/T F . 
We denote by n'j the flat bundle induced by 7T/. Given such a representation 
7T : 7Ti (B) -> Aff(F,W F )/T F with associated Aff(F,V F )/T F bundle tt', we 
want to classify all affinely locally trivial afHne bundles associated. 

To make our theory fit in gerbe theory with the band T' F , the sheaf of affinc 
section of T F , we will consider first, the classification of affine bundles up to T' F 
isomorphisms. 

Now let's recall some general facts of sheaf of groupoids and descent theory. 
Our exposition follows the treatment of [Bry]. The general philosophy is to ex- 
press gluing conditions in terms of covering maps. We remark that if a manifold 
is an affine manifold, so are its covers, the category of affine manifolds is stable 
under affine fiber product. 

For every locally isomorphic affine map g : (Y, Vy) — ► (B, Vs), we can pull- 
back the affinely locally trivial affine bundle tt' over (B, Vs) in a bundle tt' y over 
(Y, Vy) (associated tony)- The total space of the pull-back is Q = tt'x b(Y, Vy) 
and the fiber map the canonical projection. 

Consider Y Xg Y with the two canonical projections pi,P2 '■ Y Xg Y — ► Y. 
We denote by p*Q i = {1,2} the pull-back of Q by p^. There is a natural 
isomorphism <f> : p\Q — > p\Q. This isomorphism satisfies the following cocycle 
condition 

( 2 ) P13O) =P23<» o P*2 0), 

an equality of morphisms p\Q — > p\Q of affine bundles over Y Xb Y Xg Y, 
where p\, P2 and p$ are the canonical projections on the three factors, and pu, 
P13 and P23 are the canonical projections of Y x b Y x b Y over Y Xg Y. 

Conversely, given an affine bundle Q — > Y which satisfies the condition (2), 
we recover an affinc bundle over (B, Vb). 

In fact one obtains: 

Proposition 3.2. Let g : (Y, Vy) — > (B, Vs) be a local isomorphism of 
affine manifolds. The pull-back functor g* induces an equivalence of categories 
between the category of affine bundles over (B,Vb) and the category of affine 
bundle bundles over (Y, Vy) equipped with a descent isomorphism <fi : p\Q — > 
P2Q satisfying the cocycle condition (2). 

The general definition of torsor adapted to this case is: 

Definition 3.3. A T' F torsor, will be a sheaf H on (B,Vb), together with 
a T' F action such that every point of B has a neighborhood U with the property 
that for every V C U open, the space H(V) is an affine principal bundle with 
structural group T' F \y. 

The isomorphism classes of T' F torsors are given by H 1 (B, T' F ), where H* (B, T' F ) 
is the * cohomology group of T' F related to the usual Cech cohomology. 
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As the sheaf T' F is a locally constant sheaf, the notion of T' F torsor in our 
case is similar to a notion of affine T' F bundle over (B, Vb). 

We can associate to a representation tt : iri(B) — > Af 'f(F,V f)/Tf, the 
following sheaf of groupoids, B^. To every local affine isomorphism (Y, Vy) — ► 
(B, Vb), we associate the category Y n , whose objects are affinely locally trivial 
affine bundles over (Y, Vy) with typical fiber (F, Vf), associated to iry- The 
(auto)morphisms are T' F — automorphisms. 

It is easy to show that the following properties are satisfied: 

(i) For every diagram (Z, V z)— ^>{Y, Vy) — >(B, Vb) of local affine isomor- 
phisms, there is a functor g^ 1 :Y V — > Z^; 

(ii) For every diagram (W, W W )-^(Z, V Z )-^(F, Vy)^(B, V B ) there is 
an invertible natural transformation 9 g ^ ■ k~ 1 g~ 1 — > (gk)^ 1 . 

This makes our category a presheaf category. Moreover properties a la (2) 
are satisfied to ensure that some kind of Hacfligcr 1— cocycles is satisfied, in 
order to make our presheaf of category a sheaf of category. 

One can more usually define a sheaf of category. It is a map C on the family 
of open subsets of B 

U — » (7(17) 

which assigns to any open subset U of B a category C(U). 

For every open subset V C U, there is a composition of morphisms from 
C(U) to C(V). When U = V, this composition is just the compostion of 
morphisms. This defines the presheaf of category. Moreover a descent condition 
is needed to make the presheaf a sheaf. 

In fact, our sheaf of category is a gerbe with band T' F . It means that the 
following properties are satisfied 

(Gl) Given any object of Y n , the sheaf of local automorphisms of this object 
is a sheaf of groups which is locally isomorphic to T' F . 

(G2) Given two objects Q\ and Q2 of Y„, there exists a local isomorphism 
surjective map g : Z — > Y such that g _1 Q\ and g~ x Qi are locally isomorphic. 

(G3) There is a local isomorphism surjective affine map Y — > X such that 
the category Y n is not empty. 

One say that our sheaf of category is a gerbe with band or lien T' F . 

Remark. 

To ensure the axiom (G3) to be satisfied, one may show an affinely local 
trivial affine bundle with typical fiber (F, Vf), over B. This bundle is just the 
trivial one. 

Let's now state the first classification theorem which is an adaptation of the 
Giraud classification theorem. 

Theorem 3.4. The set of equivalence classes of the gerbes is in one to one 
correspondence with H 2 (B,T' F ). 

Proof. 
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Let's consider a cover (Ui)i e i of B by open 1— connected affine charts. The 
T' F — automorphisms of an object Pi of C{U{), is isomorphic to the restriction of 
T' F to Ui. 

There is a T' F — isomorphism 

u ij ■ { P i)\C(Uij) -> ( P ])\C(U tj ) 

in the category C(Uij). We define a section hijk of T' F by, 
hijk = uT^UijUjk G Aut(P k ) ~ T^. 

In fact h = (hijk) is a T^— valued Cech 2— cocycle. The corresponding 
class in H 2 (B,T F ) is independent of all the choices. We will show that this 
correspondence defines an isomorphism between the group of equivalence classes, 
and the set of isomorphic gerbes with band T' F . 

To show the injectivity of this map, one remarks that if the cohomology 
class defined by h is trivial, then one can modify the isomorphisms ujj such 
that mk = UijUjk- We then obtain an affine T' F torsor over (B,Vb) which 
represents a trivial gerbe. 

To prove the surjectivity, we construct a gerbe associated to a 2— Cech co- 
cycle h = (h^k) with values in T' F . It is sufficient to find a family of elements 
Uij of T' F — automorphisms of U^ such that the condition u^UijUjk = Kj k is 
satisfied. 

This is our classification theorem for affincly locally trivial affine bundles, 
up to T' F — isomorphisms. 

Theorem 3.5. Let tt : tt\(B) — > Af f(F,V 'p)/Tp be a representation. Then 
there are affine bundles over tt' , if and only if its associated gerbe is trivial. In 
this case the T' F — isomorphism classes of affine bundles are given by H 1 (B ,T' F ) . 

Proof. 

If there exists an affine bundle associated to the representation tt, the bound- 
ary of the cocycle which defines the fibration represents the associated gerbe, 
so this gerbe is trivial. 

On the other hand, the 2— cocycle associated can be described as follows: 

Consider a trivialisation of the flat bundle tt', associated to tt. 

For every i, j such that Ui fl Uj ^ 0, we have 

Ui n U 3 x Aff(F, V F )/T F -^U t D U x Aff(F, V F )/T F 

(x,y) — > (x,g'ij(y)). 

We denote by gij(x), an element of Aff(F, V F ) over g[j which depends affinely 
on x. We set 

hijk — gik 9ij9jk- 

We have seen that if the cocycle is trivial, one can find a family of maps 
Wij : Ui n Uj — > T'p such that 

(g ik +w ik ) = (gij + w i3 )(g :j k + w ]k ). 



11 



Consider the family of maps 

tf : Ui n Uj x (F, V F ) —►[/<□ Uj x (F, V F ) 

(x, y) — > (x, (gij + Wij(x))(y)) 

We have 

4>%j °4> k{x 1 y) = (x, {gijgjk + Wij(x) + giw jk (x))(y)). 

One sees that the Cech cocycle condition is verified. 

For every other 1— cocycle (vij), one gets an affine bundle by setting 

ft, : U { n Uj x (F, V F ) — > C/i n (7, x (F, V F ) 

(a:, 2/) — ► (a;, (ft + Kj + (a:) )(?/)) • 

Two different cocycles used to define affincly locally trivial affine bundles 
can define isomorphic affine bundles. 

Let fx and fi be two isomorphic affinely locally trivial affine bundles whose 
total spaces are n— compact, and which induce the same sheaf T' F . There is 
an affine transformation g of f\ which preserves the foliation Tf t (where Tf 1 
is the pull-back of the the foliation induced by /i) and conjugates the Deck 
transformations which defines the total space of /i, in those which define the 
one of fc. As both bundles induce T' F , their induced representions tti(B) — > 
Af f(F,V p)/T F coincide. The cohomology class defined by fi is changed in the 
class defined by f 2 by g, one has 

Proposition 3.6. The isomorphim classes of affine bundles are given by 
the quotient of H 1 (B,T' F ) by the action of a gauge group. This group is the 
group of affine automorphism of f\ which preserve its fibers, are pulls back of 
automorphisms o/(B,Vb) and give rise to the same bundle ir' . 

4. The general case. 

In the previous section of our paper, we have classified affinely locally trivial 
affine bundles. In the following section, we consider the more general situation, 
when the total space is supposed to be only compact and complete. 

Given an affine bundle with compact and complete total space say (M, Vm) 
and base space (B,Vb), we have seen that the fibers inherit affine structures 
from the total space which are not necessarily isomorphic, but which have the 
same linear holonomy. Let 7 be an element of m(M), set IR n = lR m (BlR l where 
n, m, and I are respectively the dimension of M, B and the typical fiber F. We 
have: 

hM{l){x,y) = {A 1 (x) + a 7 ,B 7 (y) + C 1 (x) + rf 7 ), 

where A 1 and B 1 are respectively affine automorphisms of lR m and M l , a 1 and 
d 7 are respectively elements of IR m and IR 1 , and C : Ft m — -> WL 1 is a linear map. 
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If 7 lies in -ki(F), then A 7 — In m and a 7 = 0. 

Now consider an to— affine manifold (B, Vb) compact and complete, a com- 
pact I— manifold F and a representation L(Iif) ■ tti(F) — > Gl(l,lR) which is 
the linear holonomy of a complete affine structure of F. We want to classify 
all affine bundles with complete total space with base (-B, V b) and whose fibers 
are diffeomorphic to F and inherit affine structures from the total space whose 
linear holonomy is 

The natural question which arises is: Does every map r : Ft m — > H 1 (iti (F) , 1R 1 ) 
give rise to an affine bundle ? 

For every element 71 of tti(B), the affine representations defined by the 
cocycles r(x) and r(-yi(x)) must be isomorphic. 

Recall that we have defined a gauge group G of the representation L{Hf) as 
follows: it is a group of linear maps such that for every element B g e G there 
is an automorphism g of tti (F) which satisfies 

L(h F )(g(j)) = B g L(h F )(^B;' . 

The group G acts on L{hp) one cocycles by setting 

(B* g c)( 7 ) = B g c(g-\ 7 )). 

Let 71 and 7 be respectively elements of ni(M) and 7Ti(F). We have 

71 7 7r 1 ( a; ' v) = 

(x, B^B-Hy) - B^B-^ (A^(x) - ^K)) - B 7l B 1 B- 1 (d, 1 )+ . 
B^C^A-^x) - A-> 71 )) + B 71 (d 7 ) + C 71 (A" 1 (a;) - A" 1 ^)) + d 71 ) 

The map 

i'( 7 i) :7n(F) — »7ri(F) 
7 — > 7i77r X 

is an automorphism associated to the element of the gauge group B lx . If 71 lies 
in ni(F) the induced map on H 1 (tti(F), Ft 1 ) is trivial. We deduce a map 

i : tti(B) — > Gl(H 1 (ni(F), M 1 )) 
7i — > o«'(7i)) 

where 71 pulls back to 7^ and cm' (71) is the action of j[ on H 1 (tti(F), M l ) 
induced by £? 7 j . 

We have r(A^(x) + a 7 ;) = [B 7 <r(x)]. 

It follows that the following square is commutative 

lr 

if 1 (tti (F),!^) 



^ H\^(F),M l ) 



13 



The representation i allows also to construct a bundle over (B,Vb) with 
typical fiber H 1 {-ki{F) 1 M l ). We also denote by i this bundle. The map r can 
also be viewed as a section of this bundle. 

We will classify all affine bundles for a given representation i, and a map r 
such that each r(x) defines an affine structure. 

The map r defines a representation iri(F) — ► Aff(M n ) such that the 
quotient lR n /-K\{F) is an affine bundle over M m . We assume that for each 
7 G ni(B), there is an element of Af f(lR n /n\(F)) which induces 1(7). 

Let U be an open set of (B, Vs). We define the following sheaf of categories 

U — ► £7(17). 

Where C(U) is the set of affine bundles such that the canonical bundle with 
typical fiber H 1 (tti(F), Ft 1 ) associated, is the restriction of i to U, and whose 
lifts on the universal cover of U is the restriction of M n /ni(F) to it. 

The sheaf of categories C is a gerbe with band Aff(M n /ni(F))o, which 
denotes the sheaf induced by the connected component of the affine automor- 
phisms of M n /TTi(F) which pushes forward on the identity of M m . 

Let us explain why the band is Af f(M n /tti(F))q. 

Consider a trivialization of i, 

hij ■■ Ui n Uj x ^(miF), M l ) — > Ui n U 3 x H 1 (tti(F), 1R 1 ) 

(x,y) — > {x,hij(y))- 

Here the Ui are connected open sets of affine charts. So we can restrict the 
bundle M n /TTi(F) to each Ui. We denote by Uf this restriction. 

To hij we associate an element of Aff(Uf) which pushes forward on the 
identity of Ui, and gives rise to hij. The maps 

^ik h-ijhjk 

are the obstructions of the existence of an affine bundle associated to i and r. 

Proposition 4.1. The map hijk — h^ k hijhjk is an element of the restric- 
tion of AffiST/m (F)) to Ui nU 3 r\U k . 

Proof. 

We deduce this, from the fact that, the map hijk gives rise to the identity 
of H 1 (tti(F), since it is shown in [T2] that the set of affine automorphisms 
which commutes with the holonomy of a compact and complete affine manifold 
is a cover of the connected component of its affine automorphism group. 

This is our classification theorem in the general case. 

Theorem 4.2. For each representation i and map r, there is a 2—Cech 
cocycle which is the obstruction of the existence of an affine bundle associated 
to i and r. When it vanishes the set of isomorphisms classes of affine bundles 
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are given by the orbit of elememt of H 1 (B,Aff(M n /ni(F))o) under a gauge 
group. 

II. COMPOSITION SERIES OF AFFINE MANIFOLDS. 

Recall that a n— affine manifold is said to be complete if and only if the 
connection Vm is complete. This is equivalent to saying that M is the quotient 
of M n by a group T m of affine automorphisms which act properly and freely on 
lR n . In this part, we will only consider complete affine manifolds. 

The representation hu Tm = tti(M) — > Aff(M n ) is called the holonomy of 
the affine manifold (M, Vm)- Its linear part L(Hm) is called the linear holonomy. 

It has been conjectured by Auslander that the fundamental group of a com- 
pact and complete affine manifold is polycyclic. 

In [T4], we have conjectured that each compact and complete n > 2 affine 
manifold (M, Vm) has a finite cyclic and galoisian cover M' endowed with a 
complete affine structure (M', V M /) eventually different from the pull back such 
that (M', Vm' ) is the source space of a non trivial affine map. Non trivial means 
that the fibers of / are neither M' nor points of M'. This conjecture implies 
the Auslander conjecture. 

If we suppose that the source space (M, Vm), of a non trivial affine map is 
compact, then (M, Vm) is the source space of a non trivial affine surjection / 
over a manifold (B, Vg). We deduce from a well-known Ehrcsmann theorem, 
that / is also a locally trivial differentiable fibration. All the fibers of an affine 
fibration inherit affine structures from (M, Vm) with same linear holonomy. 

The last conjecture leads to the following problem: Given two affine man- 
ifolds (£?,Vb) and (F,Vf) classify every affine surjection / : (M, Vm) — ► 
(B, Vb) such that the differentiable structure of the fibers is F and their linear 
holonomy is the one of (F, Vj?). Or more generally, Given n affine manifolds 
(Fi, VfJ, classify all composition series (M„ + i, Vm„ + J —* (M n ,V m„) —* ■■■ — ► 
(Mi, VmJ such that every map fi : (Mj + i , Vm» + i ) — * (-M»,Vm 4 ) in the last 
sequence is an affine surjection with fiber diffcomorphic to F^ , and which inher- 
its from (M 1+1 ,VM i+1 ) an affine structure wich linear holonomy is the linear 
holonomy of (Fi , Vf» ) • 

We have classify in the first part affine surjections with compact total spaces 
using gerbe theory. The purpose of this part is to classify affine compostion 
series of affine manifolds. We restrict to composition series (M„,Vm„) — ► 
(M n _i, Vm„_J -> ••• -> (Mi, V Ml ) such that the projection /i : (M i+ i, Vm 4+1 ) - 
(Mj, VmJ is an affinely locally trivial affine (a.l.t) fibration. This means that 
the holonomy of the fibers is fixed. 

Two composition series 

(M n \V Mn i) -> (M^Vm^) - ...(M 2 j,V MjJ ) - (Mi, V Ml ),j - 1,2 

are equivalent if and only if the bundle fi 1 and fi 2 are isomorphic in respect to 
Tp i isomorphisms. This means that we consider isomorphisms of affine fibrations 
which act by translations on the fibers and project on the identity of the base 
space. 
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The classification of affincly locally trivial affine bundles where made using 
commutative gerbe theory. It is natural to think that the classification of affincly 
locally n— composition series must be done using n— gerbe theory. In this part, 
we will give a classification of n— composition series of affine manifolds, and after 
conceptualize the ideas involved to give a theory of commutative n— gerbes. 

1. 3 compostion series of affine manifolds. 

Let's recall first the classification of affincly locally trivial affine bundles up 
to translational isomorphisms with given fiber and base space. 

We have two affine manifolds (B,Vs) and (F,V F ) which represent respec- 
tively the base space and the fiber of the affine bundles we intend to classify. 

The structure of a locally trivial affine bundle gives rise to a map ttbf ■ 
m(B) -> Aff(F,V F )/T F which defines a locally flat bundle PB F over B with 
typical fiber Aff(F,V F )/T F . This principal bundle induces a flat bundle BT F 
over B with typical T F . 

Let T' F be the sheaf of affine sections of BT F . We define a commutative 
gerbe C with lien T' F as follows: 

To each open set U of B, we associate the category C(U) of affincly locally 
trivial affine bundles with typical fiber (F, Vf) such that the canonical UT F 
bundle associated to it, is the restriction of BT F to U. 

To represent the classifying two cocycle associated to C, we consider an open 
covering Uk of B by connected affine charts, in each category C{Uk) we choose 
an objet which is an affine bundle isomorphic to Uk x (F, Vf)- 

The trivialization of the bundle PB F gives rise to: 

U k n U, x Aff(F, V F )/T F -^U k nU t x Aff(F, V F )/T F 

(x,y) i — ► (x,i k i(y)), 

where tki is an element of Aff(F,V F )/T F . Taking for each k, I a map tki over 
iki which depends affinely of x, we obtain: 

Uk n Ui x (F, Vf) -^UkDUtx (F, Vf) 
(x,y) i — > (x,tki(x)y) 
Then we have the family of maps 

tkim ■ Uk n Ui n u m — ► t f 

X I ► tkltlrnXkm 

This family of maps tki m is a 2— cocycle which classifies the gerbe C. It is the 
obstruction to the existence of a locally trivial affine bundle over (B, V_b) asso- 
ciated to BT F . In this case, the set of isomorphic classes of translational affine 
bundles (or the classes of T F isomorphic bundles) with typical fiber (F, Vf) and 
base space (B,Vb) are given by the Cech cohomology group H 1 (B,T' F ) of the 
sheaf T' F . 
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Remark. 

Consider the composition serie (M 3 , Vm 3 ) —* (M 2 , Vm 2 ) - > (Afi, VmJ- The 
fact that the affine bundles (M 3 ,Vm 3 ) — > {M 2 ,Vm 2 ) an d the affinc bundle 
(M2, Vm 2 ) - * (A^i ! Vmi ) ar e afhnely locally trivial afhne bundles does not imply 
that the bundle (M 3 , Vm 3 ) — ► (Afi, VmJ is a locally trivial affine bundle. 

This can be illustrated by the following example. Consider the subgroup T 
of M 3 generated by the three maps f\, f 2 and / 3 defined by 

fi(x,y,z) = (x + l,y,z) 

f 2 (x,y,z) = (x,y+l,z) 

f 3 (x,y,z) = (x + y,y,z + l). 

In the canonical basis (ei, e 2 ,es) of WL 3 . The quotient of WL 3 by V is a three 
compact affine manifold M 3 . The projection p\ of M 3 on its subvector space V 2 
generated by e 2 and e 3 parallel to the one generated by ei, defines an affinely 
locally trivial affine bundle over the torus T 2 endowed with its canonical rie- 
mannian flat structure. 

The projection p 2 of V 2 on the line generated by e 2 parallel to the one 
generated by e 3 defines an affinely locally trivial affine bundle of the torus over 
the circle. 

It is easy to see that the projection p 2 op 1 defines an affine bundle which is 
not an affinely locally trivial affine bundle over the circle. 

Before to go to the general case, we will treat 3— series of composition. So 
we have a sequence (M 3 , Vm 3 ) — ► (M 2 , Vm 2 ) —* (Mi,VmJ of affine maps such 
that : (Mi, Vm») — ► (Afj-i, Vm w ) defines an affinely locally trivial affinc 
bundle. 

We have supposed that the total spaces of our bundles arc compact and 
complete affinc manifolds. This implies that tti(F 2 ) is normal in 7Ti(M 3 ) and 
7Ti(Fi) is normal in w\(M 2 ), thus we have the following exact sequences 

1 -» 7Tl(Fl) -► 7Tl(M 2 ) 7Tl(Mi) -► 1, 

and 

1 -» TTl^a) - 7Tl(M 3 ) - 7n(M 2 ) - 1. 

We denote by = 1,2,3 the dimensions of Mj, and by = 1,2 the 
dimensions of F*. We put J?" 3 = K™ 1 © K Zl © K' 2 , 

Let 7 be an element of 7Ti(M 3 ); the (M 3 , Vm 3 ) holonomy's action of 7 on 
J?" 3 is given by 

l(x,y,z) = {Aj(x 1 ) + aJ,A2(x 2 )+B2(x 1 )+a2,A' y 3 (x 3 ) + Bj(x 1 ,x 2 ) + aJ), 

where AJ is an automorphism of J?™ 1 , AJ, i = 2, 3 is an automorphism of lR li , 
i = 2, 3, : M ni -> K Zl is a linear map, and : M ni ®M h -> K' 2 is a linear 
map. 
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If 7 belongs to 7Ti(.F 2 ), then the restriction of 7 to M ni © M 1 is the identity 
and Bj = 0, since we have supposed the fibration (M 3 , Vm 3 ) — * (M 2 ,Vm 2 ) to 
be an affinely locally trivial affine fibration. 

The holonomy of (M 2 , V M J is given by the action of 7Ti(M 2 ) on ©J??' 1 
induced by the holonomy representation of (M 3 , Vm 3 )- In fact the restriction 
of fe M3 to M ni © K Zl factor through tti(M 2 ). 

We deduce that the (M 2 , Vm 2 ) holonomy's action of an element 7 of 7Ti(M 2 ), 

is 

{Al{x) + aJ,Al{y) + Bl{x)+(f 2 ). 

If 7 is an element of 7Ti(Fi), then AJ = id, aj = and B 2 = since we have 
supposed that the fibration (M 2 , Vm 2 ) — > (Mi,VmJ is an affinely locally trivial 
affine fibration. 

Now, considering the holonomy of (M 2 ,Vm 2 ), we write the fact that 7Ti(Fi) 
is normal in 7Ti(M 2 ), then we obtain that the image of B 2 is contained in 
if°(7n(Fi),.R Zl ). Here the group H*(iri(F), JR} 1 ), is the cohomology group of 
7Ti(Fi) related to its linear holonomy. 

Considering the holonomy of (M 3 , Vm 3 )> and writing that 7r 1 (M 2 ) is a nor- 
mal subgroup of 7Ti (M 3 ), we obtain that Bj is contained in H°(ir 1 (F 2 ), Ft 12 ). 

We have the representation 

tti(Mi) — > Aff(F u V Fl )/T Fl 

given by the first fibration. It leads to a flat bundle 7Tn(Mi) over Mi with 
typical fiber Aff(F u V Fl )/T Fl . 

The bundle (M 3 , Vm 3 ) — > (M 2 , Vm 2 ), gives rise to a representation 

tti(M 2 ) — ► Af f {F 2 ,V F2 ) /Tp 2 

this leads to a representation 

tt Fi ^ Aff{F 2 ,V Fa )/T Fa 

and to a flat principal bundle 7Ti 2 (i<i) over i*\ with typical fiber Af f(F 2 ,\7 p 2 )/Tp 2 
associated to n Fl . Since 7Ti(Fi) is a normal subgroup of 7ri(M 2 ), the action of 
7ri(Mi) on this last bundle leads to a representation 

Ti(-^i) > Aut{iii 2 {Fi)) 

where Aut{-K 12 {Fx)) is the group of automorphisms of the bundle 7Ti 2 (Fi). 

We will classify 3— composition series of affine manifolds given: 
The base space (Mi, VmJ and the fibers spaces (F\,V Fl ), (F 2 ,Vf 2 ). 
The representations TTi (Mi) -» A//(Fi, W Fl )/T Fl , tti(Fi) -» Af f{F 2 ,V f 2 )/Tf 2 , 
and the representation 7Ti(Mi) — ► J 4ut(7Ti 2 (i ?1 i)). 
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The main tool we will use to make the classification of 3 composition series 
is 2 gerbe, on this purpose, let recall some definitions 

Definitions 1.1. 

A category is a family of objects and for each pair of objects X, Y, a set of 
arrows Hom(X,Y), which satisfy usual rules. 

An 2 category is of a family of objects, and for each pair of objects X, Y the 
arrows is a category C(X, Y) which satisfies usual rules see [Bry-Mc]. 

An 2 gerbe on a manifold M is a sheaf of 2 categories C on M which satisfies 
the following see [Bry-Mc] , [Bre] : 

(2.1) For every element z of M, there exists an open set U z which contains z 
such that C(U Z ) is not empty. 

(2.2) Let U be an open set, for any pair of object x and y, contained in C(U), 
there is an open covering {Ui)i^i of U such that, for any i, the set of arrows 
between the restriction of x and y to Ui is not empty. 

(2.3) For any 1 arrow / : x — > y in C(U), there is an inverse g : y — ► x up to 
a 2 arrow. 

(2.4) Thc two arrows are invertible. 

We will associate to our problem a sheaf of 2 categories. 

First we define the following sheaf of categories C\ on M\\ 

To every 1— connected open set U of Mi of affinc chart, we associate the cat- 
egory of affinely locally trivial affine bundles over U with typical fiber (F\ , Vfi ) 
such that the induced tth(U) bundle, is the restriction of 7Tn(Mi) to U. 

We now define on Mi the sheaf of 2 categories C 2 . 

For every open set U, consider an element e of C\{U). It is an affinely locally 
trivial affine bundle over U with typical fiber (F\, VfJ- We associate to e the 
sheaf of category C 2 (e) which objects are a.l.t bundles over e with typical fiber 
(F-2-, Vf 2 ) such that on e, the flat bundle with typical fiber Af /(-F 2 ,V f 2 )/Tf 2 
induced, is the one induced by the representation tt\{Fi) — > Af /(F 2 , V f 2 )/Tf 2 - 
Gluing conditions for the 2 sheaf C 2 are done using the representation m (Mi) — ► 
Auti-K^)). 

This enables to associate to the open set U, C2(U) :— UC2(e), e G C\(U). 

We will see that C2 is in fact a 2 gerbe. An important fact is that this 2 
gerbe is defined recursively, that is, we have first define the gerbe C\. This will 
considerably simplify the expression of the classifying 3 cocycle which in this 
case will be an usual Cech 3 cocycle. 

Let's precise now what 1 and 2 arrows are in the 2 category C%. 

Let ei and e 2 be objects of C\{U) where U is a simply connected open set 
of affine chart. A map between ei and e 2 can be represented by an affine map 
t : U — > T Fl acting on U x (Fi, V^) as follows: 

Ux (FlVjtJ — >tf x (F u V Fl ) 
(x,y) 1 — ► (x,t(x)y). 
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The map t can be viewed as an automorphism of the site of open sets of 
U x Fi, so the map t induces a functor between the sheaf of categories C2(ei) 
and 62(62), such maps t are 1 arrows of our 2 category. 

A 2 arrow of our 2 category C2(U) over the one arrow t can be represented 
as a family of afhne arrows 

t n :Ux U lx x (F 2 , V F2 ) — > [/ x t((7 n ) x (F 2 ,V F2 ) 

(x,y,z) 1 — ► (x,t(x)y,ti(x,y)z), 

where (t/^ ) is an open covering of (i 7 ! , V Fl ) by one connected open set of afhne 
charts, and t\ :U x [7^ — ► Tp 2 is an afhne map. 

It is easy to see that our category satisfy the axioms which defines 2 gerbes, 
so we have: 

Proposition 1.2. The 2— sheaf C 2 is a 2 gerbe. 
The classifying three cocycle. 

The representation 7Ti(Mi) — > Aff(F±, Vf 1 )/Tf 1 induces an afhne flat bun- 
dle V\ over (Mi, VmJ with typical fiber Tp^, we will call S\ the sheaf of afhne 
sections of this bundle. The representation tti(Fi) — > Af /(-F2, Vf 2 )/Tf 2 defines 
a flat bundle V\2 over (i*\, V Fl ) with typical fiber 7> 2 ; we will call Si 2 the sheaf 
of afhne sections of this bundle. 

The representation iri(Mi) — > Aut(iri2)(Fi) induces the sheaf S123 of afhne 
maps U — ► 5i2, where U is an open set of M\. This sheaf is a locally constant 
sheaf over M\ . 

Now we consider an open covering (t/j)j £ j of (Mi, VmJ by 1 connected 
afhne charts, For each i the 2 category C2(Ui) is not empty. We will choose in 
each Ui an element a of C\{Ui). Let i, j such that J7j fl Uj is not empty. The 
restriction of a and to Ui fl C7j gives rise to an arrow 

<Pij '■ e»|t7 4 nt/j — * e j\u z nUj- 

This arrow can be expressed as a map 

c/ 4 n u 3 x (Fi, v Fl ) — » Ui n x (Fi, v Fl ) 

{x,y)\ — > (x,Uj(x)y). 

Recall that the map fcj can also be viewed as a functor C2{ei)\u i r\u j ~~ * 
^{ e j)\Uinu r 

Now we consider the restriction of the functor cfiij o (fij^ o 0^ = to the 
family of U { n Uj n C/ fe . 

It can be represented by a family of maps 

u t n i/j n u k x x (f 2 , Vf 2 ) — » i/i n t/,- n u k x Ujtjkt^iu^) x (F 2 , v f J 

(x,j/,z) 1 — > (x,t ij (x)tjk(x)t k i(x)(y),u i j k (x,y)(z)), 

where U^ is a one connected open set of affine chart of (fi, V^), Uijk : t/j fl 
C/j fl E/fc x C7i 1 — > Tp 2 is an afhne map. 
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Now, we can restrict ipijk to t/j (~l f/j (~l Uk f)Ui = Uijki, writing the boundary 
of the chain tp ijk , we obtain p ijkl = tpjkli'ikii'ijli'ijh Pijkl can be viewed as a 
map 

U^ki x U n x (F 2 ,V F2 ) — > Ui jk i x C/ 41 x (F 2 ,Vf 2 ) 

(x, y, z) i — ► (x, y, J« iife | (x, y)z), 

as the family of map tijtj k tki defines a 2 Cech cocycle of S\. The family pij k i 
can be viewed as sections of the bundle S123. 

Theorem 1.3. The family of maps Pij k i that we have just define is a 3 Cech 
cocycle. 

Proof. 

We must calculate the boundary of the family of pijki ■ 

Let Uijkim be the intersection Ui n Uj (lUkDUitl U m , we have: 

d(pijklm) = 

Pjklm Piklm Pijml Pijkm ~\~ Pijkl 
= ^klm^jlln^jkm^jkl 
-{^klrn^jwa^ikrn^ikl) 

-{lpjk m 1pik m lf>ijm^l) 

The associated 3 cocycle p^ki is not the obstruction to the existence of a 
composition serie, suppose that it vanishes. 
This means that there is a family of maps 

h ijk ■ U ljk x U h x (F 2 ,Vf 2 ) — ► U ijk x ipijkiUi,) x (F 2 ,V F2 ) 

(x,y,z) 1 — > {x,ipijk(x)y,h' ijk (x,y)z), 

(where the map h[- k : U^k x — > Tp 2 is an affine map which boundary is 
Pijki) which is a 2 cocycle of Si © 5i23- 
We have: 

Theorem 1.4. If the cocycle p^ki is trivial, then two cocycle hijk that 
we have just define is the obstruction to the existence of a composition serie 
associated to the bundles Si, S12 and S123 ■ 

Proof. 

If the cocycle hij k is trivial, then there exists a family of maps b^ : UiDUj — ► 
Si © 5*123 sucn that the family of map (f jj + b^ ) define a 1 Cech cocycle. This 
implies that the family of maps tij is a 1 cocycle up to a 1 boundary, then it 
defines an affine bundle over (Mi , Vmi ) with typical fiber (F\ , ) associated 
to 7Tn. Let (M 2 , Vm 2 ) be its total space. The obstruction of the existence of 
an affine bundle over (M 2 , Vm 2 ) with typical fiber (F 2 , Vf 2 ) associated to Si, 
Si 2 and 5*123 is given by h^k, since the open set U x used to build the 
obstruction p can be viewed as open subsets of M 2 . 
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Remark. 

When the obstruction p vanishes, the cocycle hijk define on Mi a gerbe 
which can be viewed as trivial 2 gerbe. 

2. The general case. 

In this part, we will classify composition series (M„, Vm„) (M 2 , VmJ — ► 

(Mi,V Ml ). 

We will denote by (Fj, VfJ the fiber of the a.l.t affine bundle /i : (Mj + i, Vm h1 ) — ► 
(M^ V Mi ). 

Let i < j < n, the map = /j-i /j-2 ••• /i, is an affine map fij : 
(M J; Vmj) — * (M^ VmJ- Since this map is a submersion and M,- is compact, 
we deduce that (M^Vm^) is the total space of a locally trivial differentiable 
fibration over (Mj, VmJ- The Serre bundle theorem implies the following exact 
sequence 

1 -» 7Tl(fi) -» 7Tl(M i+ i) -» 7n(M) - 1 

when j = i + 1. 

The affine map define an affine bundle which is not necessarily an affincly 
locally trivial affine bundle. 

Recall that the map /i gives rise to a representation 7Ti : 7ri(Mj) — > Aff(Fi, VirJ/T^, 
and to a flat bundle Vi over Mi with typical Tp\ . 

Thus we have a flat bundle V n -i over M„_i with typical fiber Tf k _ 1 - The 
group 7ri(F„_ 2 ) is a subgroup of 7ri(M n _i), thus we have a flat bundle V n -\ n -2 
over F n _2 with typical fiber Tp n l induced by V n -\- 

The fundamental group 7Ti(M„_ 2 ) of M„_ 2 , acts on V^_i„_ 2 via the rep- 
resentation 7r„_i. This action defines a flat V^_ ln _ 2 over M„_ 2 with typical 
fiber V n _x n -2- This bundle also gives rise to a bundle Vn-Xn-in-?, over F n _ 3 
as 7ri(-F„_ 3 ) is a subgroup of 7Ti(M„_ 2 ). Recursively, we can define bundle 
V n -i... n -i over n — i with typical fiber V n -\...n-i+\ over Fi. 

We can also define the representation 7r„_i„„ 2 which is the restriction of 
7r n _i to 7Ti(i 7 ' n _ 2 ). This representation induces on F„_ 2 a flat bundle 7r^_ lrl _ 2 
with typical fiber Aff(F n -\, VF n _ 1 )/TF„_ 1 , 7ri(M„_ 2 ) acts on this bundle via 
n n -i, one deduces a flat bundle over M ra _ 2 with typical fiber tt^_i„_ 2 which 
induce a flat bundle tt^_i„_ 2 „_3 over F„_3. Recursively, we can define bundle 

n 'n-l...l- 

Remark also that considering the composition serie (Mj, Vm ) - * •••• - * 
(Mi, Vmi) for J < one can also define the bundle Vjj-\....i with typical fiber 
Vjf...j+i and base space Fj. 

Let Let S n -i n -2 be the sheaf of affine sections of V n -i n -2 one may define 
the sheaf S n -\ n -2 n -s of affine sections of S'n-in-2 over F„_3. Recursively, we 
can also define the sheaf S n ~i...i of affine sections of SV1-1...2 over M\. The 
gluing conditions for those sheaves are given by the bundles n' n _ 1 A . One can 
also define in the same way the bundles SV..1, i < 1. 

Remark. 
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The bundles Vj,..\ and Sj...\ depend only of the affine structures of (F\ , Vfi ) , • ■ • , (Fj , Vf,- ) 
and (Mi,Vmi)- They can be defined without suppose the existence of a com- 
position serie. 

The classifying n cocycle. 

Given bundles V^_i...i, and 5j...i l<i<n— las above, 

We want to classify all composition series (M„,Vm„) (Mi, VmJ 

associated to the family of bundles To make this classification, we are 

first going to define an n— cocycle. 

First we consider the trivialization of the flat bundle over Mi with typical 
fiber Aff(Fi,V Fl )/T Fl over Mi induced by m. 
It is defined by 

Ui n U 3 x Aff(F u V Fl )/T Fl — [A, n Uj x Aff(F u V Fl )/T Fl 
(x,y) i — ► {x,i i:j (y)) 

Consider for each x in £/, n Uj an element ijj(x) of Aff(F\, V Fl ) over fjj which 
depends affinely of x, one may define the 2 cocycle 

t ijk ■. Ui n Uj nu k ^ T Fl 

x i — > Uj(x)tjk(x)tki{x). 

The family of Ujk may be considered as local sections of the bundle Si. It is 
the cocycle associated to the gerbe which at [/, associated the category of a.l.t 
affinc bundles over U with typical fiber V Fl ), such that the bundle over U 
with typical fiber T Fl associated is the restriction of Vi . 

The map t^k induces a functor on the category of open sets of U fl Uj fl 
U k x(Fi,V Fl ). 

Consider a covering of (Fi, V^) by affine 1 connected affinc charts. 

Let Ujk — Ui<l Uj fl Uk- We associate to Ujk x Ui the category of a.l.t affinc 
bundles with typical fiber (F 2 , Vj? 2 ) such that the bundle with typical fiber Tp 2 
associated is induced Vi. 

On Uijki = Un Uj CiU k riUi, the boundary of Ujtjktki gives rise to the map 

Vijki ■ Ujki x U h x (F 2 ,Vf 2 ) — > Ujki x U h x (F 2 ,V F2 ) 

(x,Xi,X 2 ) I > (x,Xi,Uijkl(x,Xi)(x 2 )), 

where the map u^ki are affine sections of the bundle £321 ■ The family of maps 
Uijki is a 3 cocycle. 

Let Ui...i — U\ fl c72 H Ui. For each j, we will consider an open covering 

Ui j of (i^-, Vf 3 ) by 1— connected open sets of affine charts. 
Suppose that we have defined a family of maps 

vi...j : Ui...jxU il x...xU i:i _ 3 x(Fj_ 2 ,y F:j _ 2 ) — ► Ui... J xU 1 x...xU j _ 3 x(F^ 2 ,\7 F ._ 2 ) 
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(X,X!, ...,Xj- 2 ) I > (X,X!, ...,Xj-3,Ui...j- 3 (x,X 1 , ...Xj- 3 )(Xj-2)) 

(where the family of maps u\...j- 3 are local affine sections of the bundle 
which represent a j—1 Cech cocycle. Then on Ui...jXUi 1 x...x(F r 2 I Vf j _ 2 ), one 
can define the sheaf of category Cj such that the objects Cj(Ui...j x ... x [/i,-_ 2 ) 
are affinely locally trivial affine bundles with typical fiber (i^-i, Vf<_i) over 
Ui...j x Ui 1 x ... x (Fj-2, Vfj_ 2 )i an d the canonical flat vector bundle with 
typical fiber Tp j _ 1 associated is the restriction of V^-i- 

The map i>i...j induces a functor w\...j in the category Cj(Ui...\ x ... x f7j._ 2 ). 

The restriction of the composition u>2 ,-+io...or / o...ow; ; on 

'" J i...fc...j+i 

U\...j+\ x f/jj x ...Uij-2 induces a map 

vi...j+i : U 1 ... j+1 xU il ...xU ij _ 2 x(F j _ 1 ,V Fj . 1 ) — ► U 1 ... j+1 xU il ...xU ij _ 2 x(F j - 1 ,V Fj _ 1 ) 



(x,xi, ...,Xj- 2 ) ' — > (ar,o;i, ^_ 2 , ui...j_ 2 (a;, Xj_ 2 )(xj_i)) 

Proposition 2.1. The Cech chain that we have just define recur- 

sively is a j Cech cocycle. 

Proof. 

The proof will be made recursively. We have already verify the result if 
.7=2. 

Suppose that the chain v\...j is a Cech cocycle for k < j, then the writing 
the boundary of vi...j+i, we obtain 

l=j+2 

£ H)"Vi..,„ 



J + 2 m=(-l j+2 

Y(-i) l+1 (Y w { - 1)m+1 0...0/ 1 !'. + y w (- i ) m ) = . 

Z-^ ' V Z-^i l..m..l..j+2 l..l..m..j+2> 

1=1 m=l m=l+l 



The cocycle Wi... n +i is not the obstruction of the existence of a composition 
sequence associated to the family of bundles If its cohomology class 

is zero, its means that there exists a chain ai...„ which boundary is Vi... n+ \. 
Suppose that the chain z n -\ = a\... n + v\... n considered as an element of the 
Whitney sum of the bundles S n -\...i © S n - 2 ...i — T„_i„_ 2 is an n — 1 cocycle. 

If the cohomology class of the cocycle z n -\ is zero, then it is the boundary 
of an n — 2 cocycle Oi...„_i. We can define the chain z„_ 2 = ai... n -i + «i...n-i 
considered as an element of T 1 n _i n _2n— 3 — F n — in— 2 © 3...1- 

Suppose that we have define the cocycle z„_i and its cohomology class is 
zero. It is the boundary of a chain ai...„_j. This means that the chain z n _i i+1 \ = 
ai...n-i+vi... n -i is an n — + cocycle viewed as an element of T n _ 1 n _( i+2 ) = 

T n -l...n-(i+l) © Sn-(i+2)...l- 
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Theorem 2.2. Suppose that we can construct a chain z 2 by the proces- 
sus that we have just describe; then it is the obstruction to the existence of a 
composition serie associated to the family Sjj_i...i. When it vanishes the set of 
equivalence classes of composition series is given by H 1 (Mi, T„-i...i). 

Proof. 

Suppose that we can define the cocycle z 2 and its cohomology class is zero, 
then then it is the boundary of an element z\ of T„_i...i. 

This implies that up to a boundary the chain tijtjktki is zero, we deduce that 
we can solve the first extension problem, there exists a bundle (M 2 ,Vm 2 ) - ► 
(Mi , Vmi ) associated to S\ . 

The obstruction of the existence of a composition serie (M3, Vm 3 ) — ► (M2, Vm 2 ) 
(Mi, VmJ is also given by the class of z 2 which is zero, so we can solve the sec- 
ond extension problem. 

Suppose that we can solve the extension problem (Mj, VmJ (Mi, VmJ 

then obstruction to solve the extension problem (Mj + i , Vm» + i ) — > ••• — > (Mi, VmJ 
is also given by the cohomology class of z 2 which is zero. 

Recursively, we deduce that we can solve the extension problem (M„, Vm„ ) — * 
... -» (Mi, V M J. 

3. The Conceptualization. 

The resolution of the extension problem, given the base space (Mi , Vmi ) 
and the bundle S± has been done using the gerbe theory. It is natural to think 
that the existence of a composition serie (M„, VmJ (Mi, VmJ must be 

solve using n — 1— gerbe theory. In this part, we are going to build a commutative 
n— gerbe theory. 

On n— Categories. 

Supposed that the notion of i category is defined. An i + 1 category Cj+i, 
is given by 

The class of objects 0(Cj+i), 
h 

the morphisms Homc i+1 (x,y) between two objects x and y of Cj+i which 
is an i category, 

For objects x,y, z in Cj + i, the composition i functor 
Oi : Hom Cz+l {x,y) x Homc t+1 (y,z) — > Hom Ci+1 (x, z) 

For each objects xi, 2^+4 in Cj+i, we will assume that the following strict 
condition: the composition 

Hom Ci+1 (x i+3 , x i+i ) x...xHom Ci+1 (x 2 ,x 3 )xHom Ct+1 {xi , x 2 ) —>■ Hom Ct+1 (xi , x i+4 

does not depend of the order in which it is made. More others conditions need 
to be specified, but we don't need them. 
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The notion of sheaf of i categories. 

Now we define recursively the notion of sheaf of i categories on a topological 
space M. 

We assume known the notion of sheaves of sets. 

Supposed that we have already defined the notion of sheaves of i categories. 
An sheaf of i + 1 categories C, + i on the topological space M, will be a map 
which assign to each open set U a i + 1 category d+i(U), such that 

For each inclusion U V, there exists a i + 1 functor 

cu,v : C i+1 (V) ^ C i+1 (U) 
which satisfies cu,v ° cv,w — cu.w for any open sets U, V and W such that 

Gluing condition for objects. Consider an open covering (Uj) of M, and in 
each Ui an object Aj, we restrict each object We restrict each object of the 
family (Aj 1 , Aj i+3 ) to Uj 1 ...j i+3 , we assume that if the composition 

Hom c{Uji . i+3) (A ji+2 ,A ji+3 )x...xHom c{u . i ., +3) (A h ,A j2 ) — ► Hom C (u jl ... Ji+a Mj 1 ,A ji+a ) 

does not depend on the order in which it is made then there exists a global 
object A which restriction on each £/, is A^. 

Gluing condition for arrows. For each pair of global objects x and y, 
Hom Ci+1 ( M - ) (x,y) is a sheaf of i categories. 

The notion of n gerbe. 

Now, we will define the notion of n gerbe where n>2. 
Consider a topological space M, endowed with a sheaf of i categories d for 
each i = l,...,n such that 
9i 

For each open set U, the set of objects of the category Ci{U) is the same for 
each i = l, ...n. 

92 

For each x £ M, we suppose that there is a neighborhood U x of x such that 
Ci(U x ) is not empty. 

The sheaf of categories category C\ is a gerbe with lien the abelian sheaf T\ 
over M. 

The arrows between two objects x, y considered as elements of the 2 category 
CzlJJ) is a category Hom C2 (u) ( x , y) which objects are elements of Hom Cl ^ u - ) (x, y) 
the arrows between the objects x and y considered as elements of C\{U). The 
composition 02 : Homc 2 (u)( x ,y) x Homc 2 (u){y, z ) ~* Homc 2 (u){ x i z ) trans- 
forms two 1 arrows / and g to gf where the product gf is considered in respect 
to the one of Hom Cl (u) (x, y) x Hom Cl (C7 ) (y, z) -> Hom Cl {u) (x,z). 

We recall that for each x and y in C2{U) the 1 arrows between x and y are 
the objets of the category Hom C2 ( V -^ (x, y), we have just precise how the functor 
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o 2 acts on objects, not how it acts on maps. We deduce that the product is 
known up to 2 arrows. 

The 1 arrows between x and y considered as elements of Cs(U) is Hom^m) i x , 
the 2 arrows are the 2 arrows of Homc 2 (u)( x > y)- 

The product o 3 : Hom c ^ U) (x,y)xHom C: ^ u - ) (y 1 z) — > Hom C3 ^ u - ) (x, z) trans- 
form two 1 arrows / and g onto gf, the product is considered in respect to the 
one of C\(U) and two 2 arrows h and k in kh the product, considered is the one 
of C2(U). We can also say that the product is known up to 3 arrows. 

Recursively, suppose that we have defined the arrows of the category 

Ci(U), then the 1 arrows of Ci+i(U) are the arrows of C\(U),..., the i arrows of 
the category d + i{U) is the i arrows of the category Ci{U). 

95 

Suppose also that we have define recursively the product of I < i arrows of 
Hom Ci (u)(x,y). Then the product o l+ i : Hom Ci+1 ( U )(x,y)xHom Ct+1 (u)(y, z) -» 
Hom Ci+1 (u)( x , z ) is an i functor which send two I arrows I < i in d+i(U) onto 
the one with respect to the composition in C\(U). We can also remark that the 
product Oj+i is defined up to i + 1 arrows. 
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We suppose that in C\(U) the arrows are invcrtiblc, in C^f/), a 1 arrow 
is invertible up to a 2 arrow, a 2 arrow is invcrtiblc, in Ci(U), a 1 arrow is 
invertiblc up to a 2 arrow, a 2 arrow is invertible up to a 3 arrow,... a i — 1 
arrow is invertible up to a i arrow, and i arrow are invertible. 
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Given an object / of Homc 2 {x,x), where x is an object of C^{U), the set 
of morphisms of / is isomorphic to 7-2 (?7) where T2 is a sheaf over M. More 
generally, let g be an i — 1 map in the category d(U), the set of morphisms of 
g is isomorphic to Ti(U) where Tj is a sheaf over M. 

9s 

Any two objets of Ci(U) i < n are locally isomorphic. 
Definition 3.1. 

A family of sheaves of i categories for each i < n which satisfy the 
conditions g\, ...,g8, will be called an n— gerbe. 

The classifying n + 1— cocycle. 

In this part, we are going to consider n gerbes such that for each i, the sheaf 
Ti is a commutative sheaf. 

We are going to associate to each n— gerbe a classifying n + 1— Cech cocycle 
which takes values in T n . 

We will assume that M is a manifold, Ui is an open covering of M such that 
Ci(U) is not empty and for each family {ii, ...,ik} we set U il ik = U il CiU i2 ...n 
U ik - 

We first choose in each open subset Ui an object Xi, we may consider Xi as 
an object of Ci (?/*). If Uij is not empty, then there is an arrow of tjj between 
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Xi and xj (which is an isomorphism), we can write the two chains 

C2(Ui 1 i 2 i 3 ) = 

As C\ is a gerbe, this implies that the Cech boundary of c 2 is trivial. 

But one may also consider arrows of C\ as 1 arrows of C 2 , this implies that 
the d(ci) is trivial up two a 3— T 2 chain c 3 (Ui 1 i 2 i 3 i 4 ) represented by a 3 arrows. 
It results from z 3 that C3 is a 3— Cech cocycle. 

Suppose that we have defined recursively a Cech j + 1— cocycle associated 
to the sheaf of j— categories Cj. It is a family of elements Cj + i(U il ,,, ij+2 ) of j 
arrows of Cj(C/ il ... ij+2 ). As the boundary of Cj + i is trivial, it may be represented 
by an j + 2 Cech chain c J+2 of Tj+i which is a j + 2 cocycle. So we can deduce 
recursively the existence of an n + 1 T n cocycle c n +i associated to the n— gerbe. 

Definitions 3.2. 

An n— gerbe, will be said n— trivial if the cohomology class of the associated 
n + 1— cocycle c n+1 that we have just define is trivial. 

Let C, and C two n— gerbes associated to the family of sheaves Ti,..., T n , 
which are locally isomorphic i.e, each x in M, has an open neighborhood U x 
such that d(U x ) and C'^Ux) are not empty, and objects of Ci(U x ) and C[{U X ) 
are locally isomorphic. We will say that the locally isomorphic n— gerbes C 
and C are equivalent if and only if for every open set U of M, there is a n 
isomorphism <p n (U) : C n (U) — > C' n (U) such that the restrictions of <j> n (U) and 
<t> n {V) onU C\V coincide with <f> n {U n V). 

Suppose that the class [c n +i] of the cocycle c„ + i is trivial. It implies that it 
is the boundary of a chain a n . Let consider the chain z n — a n + c n of T n -i ®T n , 
if its cohomology class is trivial, it implies that it is the boundary of a chain 
a n -i, we set z n -i = a n -i + c n -i- Suppose that recursively we have defined the 
chain 

The n gerbe is said n — i trivial, if we can define the cocycle z n -i by the 
processus above. The fact that the n gerbe is n — i trivial means that it can be 
considered as a n — i — 1 gerbe. as follows: we consider the n — i — 1 gerbe C 
such that for every open set U, Cj(U) = Cj(U) if j < n — i — 1. We define the 
n-i-1 maps of C n _i_i(t7) to be T„_j_i(C/) © ... T n (U). 

Proposition 3.3. 

The set of equivalence classes of locally isomorphic n trivial gerbes is given 
byH n+1 (M,T n ) . 

Proof. 

We have assigns to every n— gerbe an+1 cocycle c„+i if it class is trivial, 
it is equivalent to saying that the n— gerbe is trivial. This implies that the map 
C — > c n+ i is injective. 

On the other hand, given a cocycle c„+i, we can find a family of cocycles 
c 2 ,...,c„, such that Cj+i is induced by a by the processus described to build the 
classifying cocycle, and c„ induces c n+ \. 
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We can extend our definition and defines oo— gerbe. 
Definition 3.4. 

The family C n n £ IN of n— sheaves of categories over the manifold M is an 
oo— gerbe C if and only if for each n £ IN, the family C\,...,C n is an n— gerbe 
and the family of sheaves T n , n £ IN is an inductive system such that the map 
in ■ T n —* T n+ i sends c n+ i onto c n+ 2, where c„+i is the classifying cocycle 
associated to the gerbe C\,... C n . We will call the inductive limit of c„ the 
classifying cocyle. 
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